We study the evolution of star clusters located in the outer regions of a galaxy undergoing a sudden mass loss through gas expulsion in the framework of Milgromian dynamics (MOND) by means of N-body simulations. We find that, to leave a bound star cluster, the star formation efficiency (SFE) of an embedded cluster dominated by deep MOND gravity can be reduced down to 2.5%. For a given SFE, the star clusters that survive in MOND can bind a larger fraction of mass compared to the Newtonian dynamics. Moreover, the more diffuse the embedded cluster is, the less substantial the size expansion of the final star cluster is. The density profiles of a surviving star cluster are more cuspy in the centre for more massive embedded clusters, and the central density profiles are flatter for less massive embedded clusters or for lower SFE. This work may help to understand the low concentration and extension of the distant low-density globular clusters (GCs) and ultra-faint and diffuse satellite galaxies around the Milky Way.
1. INTRODUCTION Star clusters form in dense cloud clumps in giant molecular clouds (GMCs) and most stars form in star clusters (Kroupa 1995; Lada & Lada 2003; Gieles et al. 2012; Belloni et al. 2017) . After the formation of OB stars, the remaining gas in a star cluster is expelled on a time scale of less than a few Myr through multiple mechanisms including stellar winds, Type II supernovea explosions, ionizing radiation, radiation pressure (Hopkins et al. 2013; Dib et al. 2013; Krumholz & Matzner 2009; Lada 2010; Murray et al. 2010) . The dense clumps are disrupted and star formation is terminated. The gravitational potential of the star cluster becomes shallower after the sudden removal of gas, and therefore stars escape from the star cluster. Moreover, the star cluster subsequently expands (e.g., Goodwin 1997; Kroupa et al. 2001; Boily & Kroupa 2003; Baumgardt & Kroupa 2007; Marks et al. 2012; Pfalzner & Kaczmarek 2013; Brinkmann et al. 2017; .
GCs are 10 − 12 Gyr old self-bound systems with a low metalicity and a negligible of gas mass. Therefore the star formation must be finished already during an early stage of the GCs' life and the residual gas must be blown out of the GCs efficiently to prevent a new generation of star formation from the metal-rich gas (Goodwin 1997; Bekki et al. 2017 ). In the abrupt process of gas expulsion driven by the supernovae or an accumulative effect of ionisation and stellar winds from the first generation of massive stars, the star clusters may be completely destroyed since the escape of stars again drives the gravitational potential of the star cluster to become shallower (Boily & Kroupa 2003) .
In early observations, the star formation efficiency (SFE) for the overall GMCs in global measurements in both Milky Way and external galaxies was found to be ≈ 2% (Evans 1991; Kennicutt 1998) . Recent observations on a large sample of GMCs in the Milky Way by Murray (2011) showed that the SFE for the GMCs are in the range [0. 2%, 20%] , and a luminous-weighted average is 8%. Although the SFEs are larger in the dense cloud clumps of molecular clouds (Lada & Lada 2003) , it has been confirmed by extensive observations that the SFE for the dense cloud clumps of molecular clouds is no more than 30%. Subsequent observations revealed that the SFE for a sample of dense cloud clumps in GMCs falls in the range of 1.2% − 22%, with a mean of about 10% (Higuchi et al. 2009; Kainulainen et al. 2014; Megeath et al. 2016) . The value of SFE has been extensively studied within the framework of standard Newtonian dynamics. A critical value of the SFE of 33% is obtained for a single and initially virialised star cluster to leave a bound remnant (Goodwin 1997; Boily & Kroupa 2003; Baumgardt & Kroupa 2007) . For star clusters that form in complexes and in a merging process within the gas expulsion time-scale, the SFE can be as low as 20%, which is able to leave a bound remnant from the voilent gas expulsion (Fellhauer & Kroupa 2005) , which may explain the formation of the faint GCs in the outer Galactic halo (Harris 1996) .
For a star cluster to survive gas expulsion with an ultra-low SFE in the dense clumps of GMCs (such as Higuchi et al. 2009 ), the gravitational potential needs to be deeper than that generated by Newtonian dynamics. In principle, dark matter could potentially provide such a deep potential. However, it has been well established that dark matter does not exist in GCs (Moore 1996) . It is therefore necessary to invoke a different mechanism. Here we propose that Milgromian Dynam-ics (known as modified Newtonian dynamics or MOND, Milgrom 1983a; Bekenstein & Milgrom 1984) can naturally provide a sufficiently deep potential. Comparing to Newtonian dynamics in which the potential increases as 1/r at large radii of a system, the potential increases logarithmically for large r within the framework of MOND. In the process of sudden gas expulsion, a star cluster formed in a dense cloud clump undergoes an abrupt mass loss, and the dynamics of the system rapidly transits into deep MOND limit. For a given SFE, the self-gravity of the stellar component is stronger in MOND than that in Newtonian gravity. As a result, the system can bind more high energy stars, which indicates that MOND may allow a lower SFE in an embedded cluster 4 leaving a selfgravitationally bound remnant. Moreover, since a larger mass is bound to the final GC for the given SFE, the size of the GC is expected to be larger in MOND for a compact embedded cluster. In the case of a diffuse embedded cluster, the MOND potential is much deeper and the size of the final GC should be smaller than that in Newtonian dynamics. Accordingly, a more extended and more diffuse star cluster can survive in MOND, but cannot in Newtonian dynamics. As far as we know, none of such examinations have ever been performed.
In this paper, we study the sudden gas expulsion process for star clusters with ultra-low SFE in MOND and examine whether there is a bound remnant. The sudden gas expulsion of star clusters with a SFE in the range [2.5%, 50%] in MOND is considered. N-body initial conditions (ICs) for the initially compact and spherically symmetric models are constructed for the embedded clusters in Sec. 2.1. The sudden gas expulsion process is studied by applying a sudden decrement of mass according to the values of SFE for the isolated embedded clusters in Sec. 2.2. The models are evolved for 1 Gyr using MOND N-body simulations. The fraction of bound mass to the ICs, the evolution of Lagrangian radii and the normalised density profiles are studied in Sec. 3. Finally, the results are summarised and discussed in Sec.
4.
2. MODELS OF GAS EXPULSION 2.1. ICs for embedded clusters in MOND 4 In the present models an embedded cluster is defined to be the star cluster with all its stars having formed and at the time before the unused gas is expelled. This is a theoretical description which encompasses the main relevant physical process in that the potential of the forming cluster is dominated by the gas until a time when most of the star formation has ceased and the gas is blown out. In reality the evolution from a pure gaseous proto-cluster to the exposed very young cluster through the embedded phase is gradual and takes about 1Myr in total, while gas-removal after 0.6 Myr has been found to account for observed exposed clusters very well (Kroupa et al. 2001; Banerjee & Kroupa 2012 , 2015 . Assuming a spherically symmetric smooth embedded cluster model is a physically plausible initial state, because this work on young clusters has also shown that the merging of many sub-clusters takes too long to account for the observed density and velocity dispersion profiles for the ages (1 − 3 Myr) of the observed exposed clusters. The model thus rests on the physically plausible description that individual stars take about 0.1 Myr to assemble about 95 % of their final mass, independently of their mass (Duarte-Cabral et al. 2013; Wuchterl & Tscharnuter 2003; Motte et al. 2017) , and that at this stage the star decouples from the hydrodynamics and becomes a ballistic particle orbiting within the virialising potential. The cluster takes about 1 Myr to form its stars, such that, when the gas is expelled, it can be assumed to be close to virial equilibrium.
MOND has been tested for decades. On large scales, MOND encounters several unsolved challenges. The strong and weak lensing data from clusters of galaxies showed that MOND also requires dark matter such as neutrinos (Natarajan & Zhao 2008; Angus et al. 2007) , and one of the most famous example is the Bullet Cluster 1E0657-56 (Clowe et al. 2006) . Although there are several relativstic versions of MOND, including Bekenstein's Tensor-Vector-Scalar theory (TeVeS, Bekenstein 2004 ) and Milgrom's BIMOND (Milgrom 2009a (Milgrom , 2010 , claiming that the convergence mape of the cluster can be reproduced without any dark matter, these theories bring in new problems. The convergence map of the Bullet Cluster remains a major challenge for MOND so far. Moreover, the ring-like dark matter structure around the rich galaxy cluster Cl0024+17 is also hard to understand within the framework of MOND (Jee et al. 2012) . Besides the difficults on the scale of clusters of galaxies, the Cosmic Microwave Background (CMB) radiation is another problem for MOND. To be consistent with the observations of the third peak of the acoustic power specturm of the CMB, neutrinos as dark matter are required (Skordis et al. 2006; Angus 2009; Zhao 2008) . Moreover, even in the presence of neutrinos, MOND is difficult to form the correct amplitude for the mass function of galaxy clusters (Angus & Diaferio 2011; Angus et al. 2013 Angus et al. , 2014 .
Although MOND faces the challenges on large scales, it is very successful and promising on scales of galacxies and star clusters. It can successfully predict the rotation curves for all galaxies, including our Milky Way Galaxy (e.g., Sanders & McGaugh 2002; Famaey & McGaugh 2012; Famaey & Binney 2005; Famaey et al. 2007 ). Moreover, MOND provides a unified explanation on the escape velocity of galaxies (Wu et al. 2007 (Wu et al. , 2008 Banik & Zhao 2018) , the rotational speed in polar ring galaxies (Lüghausen et al. 2013) , the formation of the shell structure in NGC 3923 (Bílek et al. 2013 (Bílek et al. , 2014 , the velocity dispersion of M31 dwarf galaxies (McGaugh & Milgrom 2013; McGaugh 2016) , the mass discrepancyacceleration correlation of disc galaxies (Milgrom 1983b; Sanders 1990; McGaugh 2004; Wu & Kroupa 2015) and of pressure-supported galaxies (Scarpa 2006 ) and the relation between the baryonic and dynamical central surface densities for disc galaxies (Milgrom 2016) .
Based on a critical test of MOND developed in Bonn (Baumgardt et al. 2005) , Newtonian dynamics can explain well the kinematics and dynamics of some distant GCs, including NGC 2419 (Baumgardt et al. 2009; Ibata et al. 2011a,b) , Palomar 4 (Frank et al. 2012 ) and Palomar 14 (Jordi et al. 2009 ). These star clusters behave Newtonian with small values of the velocity dispersion. However, Gentile et al. (2010) argued that using a small sample of stellar kinematics data (17 stars) for Pal 14, it is insufficient to falsify MOND. Sanders (2012a,b) showed that polytropic models in MOND for NGC 2419 can fit well the observations of the surface brightness and the velocity dispersion profiles, and therefore NGC 2419 might not be a problem for MOND. On the other hand, recently, a number of observations and simulations on Galactic GCs suggest departures from Newtonian gravitation. In these studies, the line-of-sight (LoS) velocity dispersion profiles of such GCs, σ LoS (r), are flat at large radii (Scarpa et al. 2007 (Scarpa et al. , 2011 Scarpa & ID of the ICs, the total mass M , the Plummer radius r P , the half-mass radius r h and the central density
h . The sixth column is the 3−dimensional velocity dispersion, σ, of the overall system. The 8 th − 9 th columns are the the radius enclosing 90% of mass, r 90 , and the crossing time, t cr ≡ r 90 /σ. We refer to initial models with larger r P and r h as being initially more diffuse. Durazo et al. 2017) . The observed flat σ LoS (r) profiles are apparently at odds with Newtonian dynamics, which predicts that σ LoS (r) ∝ r −1/2 at large radii, but MOND can naturally reproduce the observed outer σ LoS (r) of the distant GCs (Milgrom 1994) .
ICs
It turns out that MOND gives a good discription of the kinematics and dynamics on the scales of GCs and also the central (Milgrom 2009b ) and outer regimes Kroupa 2012 Kroupa , 2015 and also see the review of Famaey & McGaugh 2012) of galaxies.
The MOND Poisson equation that satisfies the conservation laws of energy, momentum and angular momentum is (Bekenstein & Milgrom 1984 )
where g is the gravitational acceleration in MOND, and a 0 = 3.7 pc Myr −2 is Milgrom's gravitational constant. The interpolating function µ → 1 when X 1 and µ → X when X 1, corresponding to the Newtonian and MONDian limits, respectively. In the deep MOND limit, the gravititaional acceleration g = √ a 0 g N , where
g N is the Newtonian gravity acceleration. The circular velocity, v c , following from the centrifugal acceleration, is
where M is the baryonic mass of the system. Eq. 2 implies that a baryonic system is embedded in a logarithmic phantom dark matter halo potential, when interpreted in terms of Newtonian dynamics. This is an effective dark matter halo. The mass of the baryonic matter together with the phantom dark matter halo is the Newtonian dynamical mass of the system. In what follows, a simple form of the µ function (Famaey & Binney 2005) will be used,
which fits better the terminal velocity of the Milky Way and NGC 3198. The simple µ function transits a system from the deep MOND limit to the Newtonian limit more gradually than the 'standard' µ function of Milgrom (1983b) , and works better in both very weak and very strong gravities (Zhao & Famaey 2006) . Before the gas expulsion, the embedded clusters are more compact and more massive than the present-day GCs. Plummer (1911) 's profile is chosen for the density distribution of embedded clusters as follow,
where M b and r P are the total mass and the scale length of the Plummer model. The stellar and gaseous density profiles are assumed to follow the Plummer profile with the same Plummer radius, an assumption which has proven to lead to successful modelling of the Orion Nebula Cluster and the Pleiades (Kroupa et al. 2001) , of NGC 3603 (Banerjee & Kroupa 2015) , and of R136 (Banerjee & Kroupa 2012) and is physically plausible in that the local star formation rate is approximately propotional to the local gas density. The MONDian potentials of the Plummer models are calculated using a MOND Possion solver (Nipoti et al. 2007; Londrillo & Nipoti 2009 ). The N-body ICs with an isotropic velocity dispersion in MOND gravity are constructed using Lucy's method (Lucy 1974) , and the code was originally implemented by Gerhard (1991) for constructing both isotropic and anisotropic N-body models in Newtonian gravity. Here we simply replace the Newtonian potential and circular velocity with the MONDian potential and circular velocity in the N-body generator. A series of self-consistent isotropic N-body initial conditions (ICs) are constructed thereby. The parameters of the models are summerised in Table 1 . Note that our ICs for the embedded clusters are in equilibrium, i.e., the virial ratio, Q 0 ≡ T0 |W0| = 0.5, where T 0 and W 0 are the initial kinetic energy and initial potential energy for the models. This is a physically plausible assumption because stars form in the cloud core in a few crossing times and not instantly at the same time, and the bulk of the forming embedded cluster will be close to the Q 0 = 0.5 state when the gas expulsion occurs. There are 100, 000 equal-mass particles in each model.
N-body realisation for the gas expulsion
Since MOND introduces a larger dynamical mass compared to a pure Newtonian system with the same density distribution, especially for diffuse systems, a MOND gravitational potential can bind more stars with high energy. Therefore, a lower value of SFE is allowed in MOND. To examine this MOND effect, we assume that the values of the SFE range from 10% to 50% with a 10% interval of increment. Further, the SFE is reduced down to 5% and 2.5% for all the embedded cluster models. Star clusters cannot survive in Newtonian gravity with such small values of the SFE in any of the existing studies (Lada et al. 1984; Goodwin 1997; Boily & Kroupa 2003; Fellhauer & Kroupa 2005; Baumgardt & Kroupa 2007; Shukirgaliyev et al. 2017) . Because the models are massive and the number of particles is large, two-body relaxation can be ignored in the simulations. It is therefore sufficient to simulate the gas expulsion by means of a collisionless N-body code. The orbits of the N-body systems can by integrated by using the particle-mesh Nbody code NMODY (Londrillo & Nipoti 2009 ), which solves gravitational accelerations and potentials in both standard Newtonian and Milgromian dynamics. More details and tests on the code in both dynamics can be found in Nipoti et al. (2007 Nipoti et al. ( , 2008 Nipoti et al. ( , 2011 Wu & Kroupa (2013) and Wu et al. (2017) . In the following simulations, we use a grid-resolution of n r × n θ × n φ = 256 × 32 × 64, where n r , n θ , n φ are the number of grid cells in radial, polar and arthimuthal dimensions. The radial grids are segmented by r i = r s × tan [(i + 0.5)0.5π/(n r + 1)] with r s = 20 pc and i = 0, 1, 2, ..., n r , the angular grids are equally segmented, and the angular resolution of the spherical harmonic expansion for the Poisson solver at each time step is l max = 8.
The 3-dimensional velocity dispersion, σ, of the overall embedded clusters including gas and stars are calculated and shown in Table 1 . The crossing time of the embedded clusters is defined as t cr ≡ r 90 /σ, where r 90 is the 90% Lagrangian radius. Note that the crossing time in MOND is shorter than that in a Newtonian model with the same baryonic mass density distribution, because the value of σ is larger in the deeper MOND potential.
The sudden gas expulsion is modelled by changing the fraction of mass for all particles immediately, i.e., the initial particle-mass multiplies the SFE in each simulation. It has been shown that a more gradual removal of gas will leave a bound remnant with a lower SFE (Baumgardt & Kroupa 2007 ). We will focus on the most extreme case of gas expulsion in MOND. The effect of gradual gas expulsion or the effect of a different initial stellar mass function is beyond the scope of this paper, and will be studied in a future project. The global time steps are defined as dt = 0.1 √ max |∇·g| , and thus there are about 10 time steps for a circular orbit in the densest regime. We freely evolve the GCs in their new post-gas expulsion self-gravity for about 1 Gyr. This is over 150 t cr for the most diffuse initial embedded cluster model (model 4) and is over 300 t cr for the other models.
Truncation radius for the final products
For an isolated protocluster model in MOND, ideally, no stars can escape from the logarithmic potential. However, the external field truncates the logarithmic potential well to 1/r dependency at large radii and enables stars to escape Wu et al. 2007 ). The external field defines the tidal radius of a star cluster in a host galaxy (Zhao & Tian 2006) ,
where η → 2 in the Newtonian limit and η → 1 in the deep MOND limit. M
GC b
and M gal are the baryonic mass of the embedded star cluster (i.e., the mass of the stellar component in the embedded cluster before the gas expulsion. Note that here the mass of the gas component is not included.) and of the galaxy, respectively. D 0 is the distance between the young star cluster and the centre of the host galaxy. The baryonic Besançon Milky Way model (Wu et al. 2007 ) is used here as the host galaxy, with M gal ≈ 6.5 × 10 10 M . A Galactocentric distance of 100 kpc is assummed for the star clusters, which stands for the distance of remote GCs such as AM 1 (123 kpc), Pal 3 (96 kpc), Pal 4 (112 kpc), NGC 2419 (89 kpc, Harris 1996) . The values of the tidal radii for the initially embedded star clusters as a function of SFE are shown in the upper panel of Fig. 1 . The tidal radius of a star cluster in MOND is larger than that in Newtonian gravity, since M gal in Newtonian dynamics should include both baryonic and dark matter, which is much larger than the mass of pure baryonic matter in the MONDian Galaxy, and because the cluster generates a phantom dark matter halo around itself, boosting its effective Newtonian mass.
Besides the tidal truncation of the star clusters, the uniform gravitational background field from the Galaxy plays an important role for the star clusters. A selfbound system in Newtonian dynamics is not affected by such a uniform external field, and this is known as the Strong Equivalence Principle (SEP), which is one of the basic assumptions of Einstein's theory of general relativity. However, the SEP is violated in MOND (Milgrom 1983a; Bekenstein & Milgrom 1984) . Possible evidence for SEP violation has been found by Wu et al. (2010 Wu et al. ( , 2017 and Thomas et al. (2017) . The dynamics of a selfbound system is governed by both the internal and the external gravitational fields, i.e., g = g int +g ext in Eq. 1. A truncation radius can be roughly estimated in MOND within an external field,
where the strength of the internal gravity equals that of the external field. At a radius larger than r vir , the system is dominated by the external field. r vir is the virial radius for a self-bound system (Wu & Kroupa 2015) . The phantom dark matter halo is truncated at r vir , and the mass of the phantom dark matter halo, sourced purely by the stars (the gas component is not used here as it is removed rapidly), is
At a Galactocentric distance of 100 kpc, the strength of the external field from the Galaxy is g ext ≈ 0.087a 0 . Since the external field from the Milky Way is weak, the star clusters are simulated in isolation. The external field effect mainly reflects the truncation radii for the star clusters. The virial radii of the embedded star clusters are displayed in the lower panel of Fig. 1 . The virial radii are smaller than the tidal radii for all the models, indicating that the uniform external field dominates the dynamics in the star clusters at a smaller radius than the tidal field. Therefore, the external field truncates a star cluster at r vir . At the radius where r > r vir , the rotation curve of a system behaves Newtonian-like, but with the velocities being a factor 1 µext = a0 |gext| larger within the weak external field.
3. RESULTS 3.1. The loss of mass The bound mass fraction at the end of the simulations, f bound , as a function of the SFE in MOND is shown in Fig. 2 . The bound particles are defined as stars with binding energy E bind = T + W < 0 within the initial truncation radius of the stellar component in the embedded cluster shown in Fig. 1 . f bound is the ratio between the bound stars at the end of the simulation and the initial stellar mass in the embedded cluster. The upper panel shows the fraction of bound mass truncated by the tidal radius, and the lower panel presents the fraction of bound mass truncated by the external field.
In general, for a given model with a fixed SFE, the fraction of bound mass truncated by the external field is smaller than that by the tidal field. Since both effects should be taken into account in a MOND system, we shall truncate the star cluster at r vir , which is much smaller than r tidal (see Fig. 1 ). The values of f bound for the surviving star clusters truncated at r vir are also listed in Table 2 . The first row of the table indicates the values of the SFE and the 2 nd − 5 th rows show f bound for different values of the SFE.
In models with larger values of SFE, i.e., 40% and 50%, self-bound cores can survive after the gas expulsion in Newtonian dynamics. Thus it is possible to compare the models, with the same density profiles and the same SFE, defined in MOND and in Newtonian dynamics. Here, we find that all the MOND models leave the majority, i.e. over 85%, of mass being self-bound after the gas is expelled immediately. In the previous studies in Newtonian dynamics, e.g., in Boily & Kroupa (2003) , f bound is only 66% for a SFE of 50%, and in Baumgardt & Kroupa (2007) , 11%−34% and 13%−72% of mass remains bound at the end of their simulations corresponding to a SFE of 40% and 50%, respectively. The reasons are: i) the tidal radii at the same Galactocentric distance are much smaller in Newtonian dynamics; ii) the external field effect in MOND dominates the dynamics of the star cluster only in the outer regime where r > r vir . Therefore, with the same SFE, a larger fraction of stars can be bound to the star cluster after sudden gas expulsion.
With a low value of SFE, 10%, all the MOND models can leave a bound core. f bound decreases with the reduction of the SFE, especially for the most massive initial model, model 1. Approximately, 6% of the stellar component is bound at the end of the simulation with a SFE= 10%, and about 37% stars remain bound with a SFE= 20%. The less massive models (i.e., models 2-4) have larger values of f bound , since these models are more dominated by deep MOND gravity, and their potentials are significantly deeper than in Newtonian dynamics. Remarkably, for models 2, 3 and 4, the values of f bound ≈ 0.37, 0.55 and 0.44, respectively, for a SFE of 10%. For the three models, f bound (r < r vir ) > 75% with SFE≥ 20%. This implies that most of the stars are bound to the originally diffuse models after gas expulsion. This is never expected in a Newtonian model, in which GCs are completly destroyed for such an abrupt gas expulsion event with a SFE lower than 33% (Goodwin 1997; Boily & Kroupa 2003; Baumgardt & Kroupa 2007) . Although it is possible for a star cluster to form a bound core with a lower value of the SFE in Newtonian gravity, for instance, for adiabatic gas expulsion (Baumgardt & Kroupa 2007) , an initially dynamically cold star cluster (Goodwin 2009 ) and star clusters forming in a deeper potential of a star-cluster complex (Fellhauer & Kroupa 2005; Smith et al. 2011 ), these physical effects should also be valid in MOND, i.e., increase the survivality of star clusters. We shall not introduce such physics into this work, given that a single star cluster formed in equilibrium undergoing an immediate gas expulsion presents an evident and robust difference between MOND and Newtonian dynamics.
Moreover, simulations of the process of gas expulsion with a SFE of 5% and 2.5% are performed here. The results of bound mass in these simulations are presented in Fig. 2 as well. Remarkably, it is possible to leave a bound core with a SFE of 2.5% for models 2-4, and f bound (r < r vir ) ≈ 2% − 3%. The bound fraction is over 10% for the three models with SFE=5%.
Note that two-body relaxation is ignored in the simulations. For the least massive models, models 3 and 4, with a SFE of 2.5%, the mass of the embedded clusters are only 2500 M , and the bound fraction of the stars is only a few percent. Therefore two-body relaxation could play an important role in these ultra-low SFE systems. The bound core might not be able to survive for 1 Gyr considering the effect of two-body relaxation. For models with a SFE of 5%, the bound fraction of stars is one order of magnitude larger than that with a SFE of 2.5%, and the two-body relaxation effects can be safely ignored. The effect of two-body relaxation for low mass systems with low SFE in MOND will need to be studied in future work. Fig. 3 .2 illustrates the evolution of Lagrangian radii, i.e., the spherical radii enclosing different fractions of the initial stellar mass in a model, increasing in the range of 10% − 90% in steps of 10%, L 0.1 , L 0.2 , ... , L 0.9 . The initial tidal radius, r tidal (green lines), and initial external field truncation radius, r vir (red lines), for the embedded star cluster are shown in the panels if they are < L 0.95 , where L 0.95 is the Lagrangian radius enclosing 95% mass of the system. For all the models with a SFE of 50% and of 40%, the systems revirialised within a few tens of Myr after sudden gas expulsion. The 80% Lagrangian radii, L 0.8 , of all the models stay constant after the revirialisation, showing tiny oscillations with an amplitude of ≈ 1%. This implies that all the models with a SFE of 40% − 50% can survive with 80% of their initial mass. This is consistent with the results of bound mass fraction in Sec. 3.1.
Lagrangian radii and half mass radius
With a SFE of 30%, which is close to the critical value to leave a bound object in Newtonian dynamics, the 10%-70% Lagrangian radii for the most massive model, model 1, remain stable after the expansion caused by the removal of gas, and the virial radius, r vir , cuts the model off at the radius of ≈ L 0.7 . For less massive models, models 2-4, the evolution of all Lagrangian radii is very similar to the same models with larger values of the SFE. When the value of the SFE is reduced to 20%, the r vir cuts model 1 off at a radius slightly larger than the L 0.3 radius. The Lagrangian radii larger than the tidal radius keep expanding with time, which implies that stars outside the tidal radius are unbound and are escaping from the system. Interestingly, in the less massive models, models 2-4, the 70% Lagrangian radii remain stable after the revirialisation. When the value of SFE is further reduced, SFE= 10%, although r tidal > L 0.1 for model 1, r vir is smaller than the L 0.1 . The 10% Lagrangian radii are not fully revirialised within 1 Gyr and the fraction of bound mass is ≈ 6% in the lower panel of Fig. 2 for this model. A larger fraction of bound mass for models 2-4 is presented in Fig. 3.2 . The 10%-30% Lagrangian radii, L 0.1 − L 0.3 , are constants after 200 Myr. In model 3, the L 0.4 is also stable. This is consistent with the results shown in Sec. 3.1.
The values of SFE are further decreased to 5% and 2.5%, and all models are truncated by their tidal radii. The whole system of model 1 expands with time and nothing is bound at the end of the simulations. The stable portion of the Lagrangian radii increases with declining initial mass of the models with the same SFE. However, due to the external field effect, the models are cut off at r vir r tidal . The innermost 10% Lagrangian radii for models 2-4 with SFE of 5% are stable in the late stage of the simulations. The evolution of Lagrangian radii with such a low SFE in MOND significantly differs from that in Newtonian dynamics. In the latter dynamics, any flat portion of Lagrangian radii cannot exist since nothing can be bound after the gas expulsion. Note that the smallest Lagrangian radii presented in Fig. 3 .2 is the L 0.1 radius. Models 2-4 with SFE=2.5% can survive with 2% − 3% of their initial masses, but are not displayed in the bottom panels of Fig. 3 .2 to avoid clustering.
Furthermore, there is a clear trend that for the same model, for example, model 2, the Lagrangian radii at the end of the simulations are larger when the value of the SFE decreases. Such a trend indicates that the size of the remnant is larger with smaller SFE for the same initial density distribution of an embedded cluster. To quantify the expansion of the star clusters in MOND, the 3-dimensional half mass radius of the final product (truncated at r vir ), r h,f , and the expansion of size, i.e., the ratio between r h,f and the initial r h of the embedded clusters, are displayed in Fig. 4 . The values of r h,f grow with the decrease of the SFE in the range of [10%, 50%] for all models, and approach the maximal value when SFE= 10%. r h,f drops again when the SFE is smaller than 10% for each model. 5 The shapes of the r h,f /r h curves in Fig. 4 are very similar to that of r h for all the models.
In the most massive model, model 1, r h,f /r h ≈ 3.3 for a SFE of 50%. This is a bit larger than that in Newtonian dynamics simulated by Baumgardt & Kroupa (2007) , which is 2.95 for an isolated star cluster. This should be attributed to the larger fraction of bound mass in MOND. r h,f /r h increases up to around 30 for a SFE of 10% for model 1, which is ≈ 200 pc. This is a very diffuse remnant, with a bound mass of ≈ 6 × 10 4 M ( Table 2) . Such a stellar system is very similar to the ultra-faint and diffuse (UFD) Milky Way satellites, such as Ursa Major II, Leo T, Canes Venatici II and etc (Simon & Geha 2007) . For the less massive models, models 2-4, r h,f /r h are much smaller than in model 1. With a SFE of 50%, r h,f /rh ∈ [1.3, 2.0] for models 2 − 4, which Lagrangian radii (labelled as r L in the vertical axes) increasing from 10% to 90% in steps of 10%, L 0.1 , ..., L 0.9 , of the star clusters undergoing sudden gas expulsion. The panels in columns from left to right present models 1 − 4, and the panels in rows from top to bottom show the results for models with the SFE from 50% to 2.5%. The green and red lines indicate the initial tidal radius, r tidal , and the initial external field truncation radius, r vir , respectively.
is smaller than for the isolated model in Baumgardt & Kroupa (2007) . The more diffuse the initial model is, the smaller the value of r h,f /r h is with the same SFE. For the most diffuse model 4, the value of r h,f /r h increases from 1.3 to 1.6 when the SFE decreases from 50% to 10%, and then it declines to 1.2 with a SFE= 2.5%. The size of the bound remnant does not increase as much as that in model 1, given that model 4 is in the deep MOND limit. In addition, with a SFE of 30%, which is often observed in embedded clusters and is very close to the canonical value for cluster survival of gas expulsion in Newtonian simulations, the value of r h,f for model 4 is about 20 pc (see Fig. 4 ), while the bound mass is about 2.7×10 4 M . The stellar mass and size of the final star cluster is very similar to the ultra-faint Milky Way satellites like Willman I and Segue I (Simon & Geha 2007) . There are several UFD satellite galaxies with half-mass radii larger than 200 pc, including Ursa Major I, Canes Venatici I and Hercules. But we also note that these satellites are located at larger Galactocentric distances than 100 kpc. Table 1 .
As a result, both the virial radii and bound masses are larger in MOND. Therefore, MOND naturally provides a possible understanding for the formation of the UFD satellite galaxies without dark matter.
To summarise, for an initially compact model, the size expansion is larger in MOND simulations owing to a larger fraction of bound mass, while for an initially diffuse model, the size expansion is smaller due to the much deeper MOND potential. The influence of sudden removal of gas on the size of the models is more significant in the Newtonian limit than that in the deep MOND limit, because in MOND the process is less destructive. In addition, only in the mild MOND gravity (i.e., model 1) can very large expansion factor (> 20) be reached. Fig. 5 presents the mass density profiles of the initial embedded star clusters (the black dashed curves) and the bound star clusters after removing the gasous component (solid coloured curves). The horizontal axes are normalised by the 3-dimensional half mass radius, r h , for the initial star clusters (ICs) and r h,f for the final products. The mass density is normalised by the mean density within r h,f (or r h for the ICs),
Mass density profiles
where M * is the bound mass of the star clusters after sudden gas expulsion. Since the model star clusters are observed individually and each star cluster has its own density profile, the normalised density profiles of the models make it possible to inter-compare the concentration and slope of density profiles.
In model 1, comparing to the ICs, the mass density profiles of the bound remnants are more concentrated within 0.3r h,f after gas expulsion with a SFE ∈ [10%, 50%]. The slopes of the density profiles fall faster than that of the ICs. This is very different to that of the clusters surviving in Newtonian dynamics. In fig. 2 of Boily & Kroupa (2003) , the final profiles of the clusters with a SFE of 45% − 75% in Newtonian dynamics still follow Plummer's mass distribution, i.e., the density distribution of the final products in the central region is flat. Here, however, model 1 with a SFE of 30% has the steepest density profile. The ρ(r) profile for the remnant with a SFE of 5% is much less concentrated compared to that of the ICs and appears rather flat within r h,f with (particle Poisson) noise. Note that Model 1 with a SFE of 2.5% does not leave a bound core at the end of the simulation. In models 2 − 3, the density profiles for the bound star clusters are also steeper than the ICs, but not as steep as that in model 1. Moreover, the density profiles of the star clusters surviving the gas expulsion are less concentrated compared to that of the ICs when the SFE = 2.5%, which is similar to the case of model 1 with a SFE of 5%. In other words, a core with constant density has been left in these models. For the most diffuse embedded cluster model, model 4, the density profiles of the final products with all SFEs are less concentrated than those of the ICs. The ρ(r) profiles of the bound remnants slowly decline with the radii in the centres where r < r h,f , and drop rapidly in the outer regions (r > r h,f ) with a slope similar to that of the ICs.
To summarise, after gas expulsion in MOND, an originally massive embedded cluster leaves a bound star cluster with a more cuspy central density profile, while an initially less massive and more diffuse embedded cluster leaves a bound star cluster with a flat density profile within about its half-mass radius.
DISCUSSION AND CONCLUSIONS
In this work, we presented the first simulations of star clusters undergoing gas expulsion in Milgromian gravitation. A series of simulations with the SFE ranging from 2.5% to 50% are performed for embedded clusters with initial masses from 10 5 M to 10 7 M . The fractions of bound masses, the Lagrangian radii, the half-mass radii and the mass density profiles of the surviving star clusters, are studied. We summarise and discuss our main results here. The kinematics (velocity dispersion profiles and velocity anisotropy profiles) will be presented in a subsequent paper.
The tidal radius for a system in MOND is much larger than that in Newtonian dynamics, while the uniform background gravitational field has a much stronger effect. Consequently, the star clusters are truncated at the virial radius where the strength of the external and internal fields are comparable (Wu & Kroupa 2015) .
For a given SFE, after gas expulsion, the fraction of bound mass is larger in the deep MOND limit than in quasi-Newtonian gravity (mild MOND). In general, the star clusters can survive a low value of the SFE, 10%, for all the models in MOND, which is impossible if the gas expulsion is applied to the models in Newtonian dynamics. Furthermore, the initially deep MOND models with a critical SFE of 5% and 2.5% can leave a bound core. Within the framework of Newtonian dynamics, in The normalised density profiles of the four models. Different colours indicate the bound star clusters surviving gas expulsion with different values of the SFE. The dotted curves are the analytical Plummer density profile and the black dashed curves represent the density of the initial star clusters (ICs). The radius is normalised by r h,f for the final bound systems and by r h for the ICs. The density is normalised by the average density, ρ h , within r h,f (r h for the ICs). The models are truncated at r = r vir .
order to leave a bound star cluster, the SFE should be at least 33% in sudden gas expulsion (Baumgardt & Kroupa 2007) , which is apparently much larger than some observed SFEs in the dense cloud clumps of GMCs (e.g., Megeath et al. 2016) . By introducing additional physical processes in Newtonian gravitation, such as gradual gas expulsion, star clusters forming in complexes or initially non-equilibrium protoclusters, the SFE can be reduced to 15% to leave a bound object (Baumgardt & Kroupa 2007; Fellhauer & Kroupa 2005; Goodwin 2009; Smith et al. 2011; Shukirgaliyev et al. 2017) . What is more, these additional physical process can be easily incorporated in MOND, which would further reduce the critical SFE.
The ultra-low SFEs allowed in MOND to yield bound stellar systems are relevant for the formation of the distant UFD satellites in the outer regions of the Milky Way, such as Hercules and Leo IV (Geha et al. 2013) . Moreover, the formation of ultra-faint tidal dwarf galaxies as seen in the Tadpole galaxy (Kroupa 2015) , could be another application of the ultra-low SFE in low density molecular clouds.
The MOND computations show that a larger fraction of mass is bound to a surviving star cluster when the initial model for the embedded cluster is less massive. It implies that with a fixed value of the SFE, more stars are bound to the surviving star cluster when the embedded cluster model is in the deep MOND limit. The studies of the Lagrangian radii and the half-mass radii show that a more diffuse model expands less after the removal of gas. It implies that a mild MOND (quasi-Newtonian) system has a more substantial influence on the size of the surviving remnants than in the deep MOND limit. For a given SFE, the increase of size for a deep MOND system after sudden gas expulsion is much smaller than that for a quasi-Newtonian system. The mass density profiles of the surviving star clusters are more cuspy in the centre for an originally massive embedded cluster model dominated by quasi-Newtonian gravity, while the central density profile is flat for an originally less massive and more diffuse model dominated by MOND gravity.
Finally, since the potential of the bound GCs in MOND are significantly deeper to that in Newtonian dynamics, the kinamtics in the final GCs should be very different in the two dynamics. We shall present an analysis of the kinematics in the two dynamics in a follow-up project.
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